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A method is proposed, which primarily determines screening constants for incomplete atomic 
shells from the experimental ionization potentials of spin-paired Pauli-type orbitals. 

The method is complimentary and in addition to the standard Sommerfeld approach, which 
derives screening constants from X-ray spin doublet term differences. 

Atomic photoelectric absorption cross sections are computed from screened hydrogen-like eigen-
functions for low atomic number elements Z = 6 to 15, using a range of incident photon energies 
between 1 and 30 keV. Comparison with experiment and alternate more exact theories shows, that 
improved cross sections are obtained for the more important incomplete L-shell contributions. 

X-ray photoelectric mass absorption coefficients for low Z elements (Z= 6 to 15), employing 33 
characteristic X-ray energies {NiKa (0.852 keV) to AgKß (24.942 keV)}, are given. 

1. Introduction 

The primary aim of this paper is to determine 
screening constants for incomplete atomic shells 
from the successive ionization potentials of each 
element. Such constants cannot be determined by the 
standard Sommerfeld method due to the absence 
of the requisite experimental X-ray spin doublet 
terms. 

This difficulty has already been pointed out in 
former papers 2' 3, in which the screening constants 
of incomplete shells were necessary for the compu-
tation of atomic photoelectric absorption cross sec-
tions, using hydrogen-like eigenfunctions. In the 
latter calculations the incomplete L, M and N-shell 
screening constants were taken from averages of the 
calculable full shell values. 

This approximation was shown in 4 to produce 
cross sections which are relatively poor compared 
with those obtained from more rigorous Hartree-
Fock-Slater theory5 . Although the contribution of 
incomplete shell cross sections to the total is less 
than \% for elements with atomic numbers Z > 10, 
more exact theory 5 shows that the incomplete 
L-shell contribution can be of the order of 5% in 
cases where Z ^ 6. 

Improved L-shell screening constants are there-
fore important for the determination of hydrogen-
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like photoelectric atomic absorption cross sections 
of low Z elements from which more accurate X-ray 
linear and (minimum) anomalous absorption coef-
ficients and associated constants can be estimated. 

The following method shows that it is possible to 
obtain a logical set of sub-shell screening constants 
for each element from their successive experimental 
ionization potentials. 

2. Method 

Atomic sub-shell screening constants were pre-
viously determined for low atomic number elements 
Z = 3 to 14 by Pauling and Sherman6 , using single 
ionization potentials. Their use in hydrogen-like 
atomic photoelectric absorption cross section calcu-
lations however does not give values in good agree-
ment with those estimable from X-ray linear ab-
sorption measurements, nor with those of more 
rigorous alternate theories. A similar approach by 
Bethe and Salpeter 7 and also by Eisenlohr and Mül-
ler 8 gave the non-relativistic ionization potential 
I(n,l) of an electron in a sub-shell with quantum 
numbers n and I in the form 

I (n, I) = E (n, I) — 2 V0 (n, I) Ryd. (1) 

This relation is derived from the one-electron solu-
tion to the Schrödinger equation, in which E(n,l) 
is the hydrogen-like eigenvalue of the electron state 
and V0(n,l) the static potential, produced at small 
distances external to the shell. For the many elec-
tron atom the nuclear charge + Z e is replaced by 
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a reduced charge + {Z — s (n, Z)} e, in which 5 (n, Z) 
is considered as the inner screening constant, and 
where the eigenvalue of the electron state is given 
by: 

E{n,l) ={Z-s [n,l)Y In2 Ryd \ 
V0 (n, Z) was alternatively considered as the outer 
sub-shell screening constant, which for light ele-
ments, especially for the outer electrons, is relatively 
unimportant. 

In the following discussion we are primarily con-
cerned with these cases, i. e. the outer K-, L-, M-
and N-shells of low Z elements, in which V0 (n, Z) 
is considered negligibly small **. An additional 
constant, i AE (n, Z), is however introduced to ac-
count for the resultant repulsive energy, experienced 
by each paired-spin electron in a Pauli-type orbital, 
when one is removed to the continuum by an ioniza-
tion process. In such a transition it is presumed that 
the ejected electron gains energy +AE(n, I) due to 
the repulsion from the remanent electron, which 
simultaneously relaxes closer to the nucleus by 
losing an equivalent amount — AE (n, Z). These 
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Fig. 1. Grotrian-type diagram showing the relative change in 
eigenvalue of the two paired-spin electrons in a Pauli-type 
orbital during successive ionizations. 7t (n, I) and / 2 (n, I) 
are the first and second ionization potentials. + A E { n , I) re-
presents the gain or loss in energy of each electron by 

mutual repulsion during the first ionization event. 

* E (n, I), used here, is the Bohr relation which is only ap-
proximately true for low Z elements. The more exact form, 
given by Sommerfeld: 

E{n, I) = [{Z—5 (ra, I) }2/n2 

+ { Z - s (n, Z) }4 a2 (n/Z- 3/4) /n4] Ryd, 

where « = 7 . 2 9 8 - 1 0 - 3 , is important for the higher Z ele-
ments for which ( a Z ) 2 ^ 1. 

* For medium-heavy and heavy atoms, especially for inner 
electrons, V0 (n, I) is quite large and cannot be neglected 
in this context. 

events are shown in Fig. 1, where the first ejected 
electron requires an ionization potential I ^ n , I) 
plus the repulsive energy + AE(n,l) for its com-
plete escape. The second electron meanwhile relaxes 
closer to the nucleus by losing energy — AE (n, Z), 
from which state it needs the larger ionization po-
tential / 2 (n , Z) for its removal. Equation (1) can 
now be rewritten in the forms 

lx (n, Z) = E (n, Z) - AE (n, Z) - {2 V0 (n, I) M 0} 

(2 a) 

for the first ionization and 

/ 2 (n, Z) = E (n, Z) + AE (n, Z) - {2 V0 (n, Z) ^ 0} 
(2 b) 

for the second. 
From these equations 

£ ( n , Z ) = { / 1 ( n , Z ) + / 2 ( n , Z ) } / 2 (3) 

gives the eigenvalue of the two paired-spin electrons 
before ionization and 

\AE(n,l)\-{It(n,l)-I1{ntQ}/2 (4) 

the relaxation energy involved. Substituting E(n,l), 
determined from Eq. (3), into the Bohr relation 
leaves all quantities known, except that of the inner 
screening constant s (n, Z). 

As a practical example, consider the simplest case 
for the double ionization of the two paired-spin 
electrons in the K-shell of a neutral Helium atom. 
Although the initial eigenvalues of the electrons are 
identical, two quite different ionization potentials, 
7 t (1,0) =24 ,481 eV and / 2 (1,0) = 54.403 eV, are 
required for their removal. Following the procedure 
outlined above, the initial eigenvalue of the elec-
trons is £(1 ,0) =39 .442 eV, which gives 5(1,0) = 
0.297 for the K-shell screening constant of a He-
lium atom. This is in very close agreement with the 
generally accepted value s ( l , 0 ) = 0 . 3 , given empiri-
cally by Slater9 and used for all K-shells in previous 
calculations2 '3 . Further, if we substitute ^ ( 1 , 0 ) 
and /2(1,0) into Eq. (4), we obtain | z f £ ( l , 0 ) | 
= 14.96 eV for the resultant repulsive energy be-
tween the two electrons during the first ionization 
event. 

Similar determinations of 5(1,0) are possible for 
the K-shells of elements Z = 2 to 8, for which the ex-
perimental ionization potentials are available. Their 
values are remarkably consistent and close to the 
Slater K-shell value. They are given in Table 1 to-
gether with those computed for the higher L i , L n , 



Table 1. Computed ionization potential screening constants s ( n , l ) for the outer paired-spin orbitals of elements Z = 2 to 23. Bracketed values are determined for 
single unpaired-spin electrons. 

Is 2s 2p 3s 3p 3d 4s 

Kl Li LII LIII Ml Mil Mill Miv Mv Ni 

n, I 1,0 2,0 2,1 3,0 3,1 3,2 4,0 

j 1/2 1/2 1/2 3/2 3/2 1/2 1/2 3/2 3/2 1 / 2 3/2 5/2 5/2 5/2 1/2 

N° el (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) 

Z 
1 0 — — — — — — — - - - - - — -

2 0.297 — - - — - - - - — - - — — — 

3 0.301 (1.73) - - - - - - — - - - - - -

4 0.305 1.99 - — - — - — — - — - - — — 

5 0.306 1.95 (3.44) - - - - - - - - - - - -

6 0.307 1.94 3.71 — - - - - — — - — — - — 

7 0.306 1.92 3.63 (4.93) — - — — — - - — — - — 

8 0.306 1.91 3.59 5.32 — — — - — — — — — - — 

9 — 1.91 3.56 5.21 (6.74) — - — — — — — — — — 

10 — 3.54 5.14 6.96 - — - — — - - — — — 

11 1.89 3.52 5.09 6.82 (9.16) - - — — — — — — — 

12 1.89 3.50 5.06 6.72 9.26 — — — — — — — — — 

13 1.88 3.49 5.03 6.66 9.04 (11.0) - - — - - - — -

14 1.88 3.48 5.01 6.61 8.90 11.2 - - — - - — — — 

15 1.87 3.47 4.99 6.57 8.80 10.9 (12.4) - - — - — — -

16 - - 4.98 6.53 8.71 10.8 12.7 - — — — - - — 

17 — 4.96 6.51 8.61 10.7 12.4 (14.1) - — — — — — 

18 - — — 8.59 10.6 12.3 14.2 — — - - - — 

19 8.54 10.5 12.1 13.9 - - - - - (16.7) 
20 8.51 10.5 12.0 13.8 — - — — - 16.8 
21 8.45 10.4 11.9 13.6 (18.9) — — — - 16.3 
22 8.42 10.4 11.8 13.5 (19.0) (19.9) - - - 15.6 
23 8.39 - - 13.4 (18.6) (19.9) (20.9) - - 14.9 

Averaged Sommerfeld screening constants used by HSW 3 

Is 
0.3 

2s, 2p 
3.22 

3s, 3p 
8.20 

3 d 
12.9 

4s 
18.5 



Table 2. 
crement 

Relaxation 
in | AE(n, 1) | 

energies | AE(n,l) 
for each sub-shell, 

| , in eV, for each sub-shell of elements Z = 2 to 23, computed from experimental Ionization potentials. The average in-
as Z increases, is given at the bottom of each column. 

l s 
K 

2s 
Li Ln 

2p 
/-Ill 

3s 
r- Ml -s HVln-s 

3p 
M m — - — 

3d 4s l s 
K 

2s 
Li Ln 

2p 
/-Ill 

3s 
r- Ml -s HVln-s M m — - — 

n, l 
i 

1,0 2,0 2,1 3,0 3,1 3,2 4,0 n, l 
i 

1/2 1/2 1/2 3/2 3/2 1/2 1/2 3/2 3/2 3/2 3/2 5/2 5/2 5/2 1/2 

N° el. (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) 

Z 
1 0 
2 14.96 
3 
4 

23.40 
31.90 

0 
4.44 

5 40.41 6.39 0 
6 46.93 8.30 6.56 
7 57.45 10.21 8.92 0 
8 66.00 12.10 11.25 10.75 
9 — 14.01 13.54 13.83 0 

10 — — 15.80 16.76 9.76 
11 — — 18.18 19.75 12.21 0 
12 — — 20.53 22.63 14.58 3.69 
13 — — — 25.48 16.90 4.81 0 
14 — — - 28.33 19.19 5.82 4.10 
15 - — — 31.17 21.45 6.83 5.22 0 
16 - — — 34.05 23.90 7.76 6.14 6.52 
17 - — — 37.80 26.20 8.79 7.15 8.05 0 
18 - - — — — 9.73 8.15 9.45 5.93 
19 - - - — — — 9.15 10.85 7.10 0 
20 - - - - - - 7.65? 12.30 7.90 2.88 
21 - - - - - - - 14.00 9.05 0 5.98 
22 — - - - - — — 15.50 10.10 0 0 7.89 
23 — — — — — — — — 11.00 0 0 0 - - 8.50 

Average increment in | AE(i n, l) | for each sub-shell wi th increasing atomic number Z. 

8.50 1.91 2.33 2.93 2.36 1.00 1.03 1.50 1.01 - _ ? 
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Lin, • • •» Ni sub-shells of elements 2 = 2 to 23. The 
corresponding relaxation energies AE(n,l) are 
given in Table 2. 

Ionization potentials, required in these calcula-
tions, are taken from published vacuum ultraviolet 
spectrometry measurements10, and used in con-
junction with the known electronic configuration of 
each element. The outermost (lowest ionization po-
tential) sub-shells are considered first. In specific 
cases, where the outer sub-shell of a neutral atom 
has only one unpaired electron, s (n, I) is calculated 
directly from Eq. (2 b) , in which AE(n, I) is taken 
to be zero, since it has no meaning in this case. Ap-
proximated Sommerfeld screening constants, used 
earlier3 for incomplete sub-shells, are given for 
comparison at the bottom of each column in Table 1. 

Atomic photoelectric absorption cross section 
formulae, employing the ionization potential seren-
ing constants derived in this paper, 
are taken from several sources, which 
have been conveniently listed by 

Wagenfe ld n . These calculations employ non-
relativistic screened hydrogen-like eigenfunctions. 
The Slater screening constant for the K-shell, 5(1,0) 
= 0.3, is retained for each element together with 
the theoretical extension to the K-shell described 
in 3 . 

3. Discussion 

3.1. Screening Constants 

Figure 2 shows that the ionization potential 
screening constants of each Pauli-type orbital, de-
termined from the method outlined above and given 
in Table 1, are sensibly consistent in reaching a 
maximum at each complete 2-electron value and 
thereafter decreasing monotonically as each new 
sub-shell is formed. The resolution of screening 
constant is superior to that obtained from the Som-

20 

IS-

10-

5 -

Fig. 2. The variation in ionization poten-
tial screening constant 5 (re, Z) of each 
paired-spin Pauli-type orbital (full lines) 
for elements Z = 2 to 23. Averaged Som-
merfeld screening constants, used in for-
mer calculations3 for incomplete sub-
shells, are given on the right-hand side 

(dashed lines). 
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30 keV 

Fig. 3. Superimposed K- and L-shell ato-
mic absorption cross section profiles for 
low atomic number elements, using inci-
dent photon energies 5, 10, 20 and 30 keV. 
The photoeffect cross sections r, in barn/ 
atom, are computed from screened hydro-
gen-like formulae, using both IP — ioniza-
tion potential and So — averaged, Sommer-
feld screening constants (full lines). They 
are contrasted with similar results, calcu-
lated by Scofield 5, from more exact theory 
(dashed lines). The figure shows that 
closer agreement is obtained between the 
total L-shell cross sections of the ionization 
potential method and those of Scofield 
than was obtained from averaged Sommer-
feld screening constants3. (Note: Each 
pair of K- and L-shell profiles has a dif-
ferent Z = 0 origin along the keV axis.) 

merfeld approach. The figure also shows that the 
new Lj-shell screening constants are lower and the 
Lni-shell constants higher than the corresponding 
averaged (2s, 2p) Sommerfeld screening constants 
used in earlier calculations3. These differences 
cause relatively important changes in the photo-
electric absorption cross sections obtained from 
screened hydrogen-like eigenfunctions. They are es-
pecially effective for the low Z elements ( Z ^ 6 ) , 
where the L-shell contribution to the total is of the 
order of 5%. 

For example, the lower Lj-shell (2s) ionization 
potential screening constants for these elements will 
tend to raise the absorption cross sections of these 
shells, relative to those obtained earlier 3, and bring 
them into closer coincidence with those of the more 
exact Hartree-Fock Slater theory 5 '§ . Conversely, the 

§ A similar, though less resolved, distribution in screening 
constant values was also reported by Duncanson and 
Coulson 12. 

higher Lni-shell ionization potential screening con-
stants will give lower cross sections, which are more 
important for medium to heavy elements. The rela-
tive changes in absorption cross section for the latter 
elements will therefore be more noticeable near an 
L-shell absorption edge and should again tend to 
improve those cross sections of former calculations 3 

near these edges. 

3.2. Hydrogen-like Photoelectric Atomic Absorption 
Cross Sections 

The changes in incomplete L-shell cross sections 
of low Z elements, brought about by using the new 
ionization potential screening constants, are shown 
in Fig. 3 for incident photon energies 5, 10, 20 and 
30 keV. The full lines in these diagrams are for 
screened hydrogen-like cross sections, using both 
the ionization potential (IP) and averaged Som-
merfeld (So) screening constants. The clashed lines 
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Table 3. Sub-shell photoelectric absorption cross sections r, in barn/atom, for elements Z = 6 to 10, computed from screened 
hydrogen-like eigenfunctions, using the ionization potential screening constants determined in this work. They are compared 
with the photoionization cross sections of Scofield 5 and Storm and Israel13, using more exact theory and incident photon 

energies 1, 5, 10, 20 and 30 keV. 

keV 1.0 5.0 10.0 

z K Li LII, Lin Total K Li Ln, LIU Total K LI Ln, LIU Total 

C 6 40390 1210 2.08 41602 315.8 8.66 2 . 3 - 3 324.5 35.18 0.93 1 . 1 7 - 4 36.11 
42045 2028 44073 353.9 18.2 372.1 39.3 2.0 41.3 

N 7 73102 2804 22.67 75929 627.9 22.97 3 . 0 - 2 650.9 71.97 2.56 1 . 5 8 - 3 74.53 
- - — 76600 - - - 717 — — — 78.8 

O 8 119258 5326 113.6 124698 1120 49.29 1 . 7 - 1 1170 131.9 5.70 9.5 - 3 137.6 
- - - 121000 - - - 1250 - — - 142 

F 9 180102 8926 398.2 189427 1844 92.5 6 . 9 - 1 1937 222.6 11.07 3.9 - 2 233.7 
- - - 179000 — — — 2030 - — — 246 

Ne 10 256544 13669 1099 271312 2849 157.3 3.86 3009 352.3 19.46 2.6 - 1 372 
232060 16051 248111 2924 171.0 3095 362 21.0 383 

— — — 252000 — — 3100 — — — 386 

keV 20.0 30.0 

Z K Li Ln, Liu Total K Li Ln, Lni Total Ref. 

C 6 3.788 
4.1 

9 . 7 - 2 5 . 9 3 - 6 
0.2 

3.89 
4.3 

1.023 
1.081 

2 . 5 2 - 2 1 . 0 5 - 6 
5 . 7 1 - 2 

1.048 
1.138 

This work 
S 

N 7 7.93 2 . 7 5 - 1 8 . 2 3 - 6 8.20 
8.51 

2.164 7 . 4 0 - 2 1 . 4 7 - 5 2.238 
2.27 

This work 
S&I 

O 8 14.85 6 . 2 9 - 1 5 . 1 1 - 4 15.48 
15.7 

4.097 1 . 7 1 - 1 9 . 2 8 - 6 4.268 
4.23 

This work 
S&I 

F 9 25.58 1.254 2 . 1 6 - 3 26.84 
26.8 

7.13 3 . 4 6 - 1 3 . 9 8 - 4 7.476 
7.27 

This work 
S&I 

Ne 10 41.29 
41.6 

2.263 1 . 6 0 - 2 
2.4 

43.57 
44.0 
42.9 

11.62 
11.38 

6 . 3 2 - 1 3 . 2 0 - 3 
6 . 6 2 - 1 

12.26 
12.04 
11.8 

This work 
S 
S&I 

indicate the photoionization cross sections of Sco-
field 5, using the more exact Hartree-Fock-Slater 
theory. The figure shows that the cross sections, 
computed from the ionization potential screening 
constants, are now in closer agreement with Scofield 
than obtained earlier 3, using averaged Sommerfeld 
screening constants. 

Specific cross sections for the K-, Li- and Ln, L n r 
shells are given in Table 3 for elements Z = 6 to 10. 
They are compared with the more rigorous K- and 
L-shell cross sections of Scofield5 and Storm and 
Israel1 3 for incident photon energies 1, 5, 10, 20 
and 30keV. For Z > 6 most total cross sections are 
well within a 5% difference; those for Z = 6 are 
variable and can differ by 13% at 5 keV. The total 
L-shell cross sections for carbon are approximately 

half those given by Scofield, for all energies con-
sidered. These difference however diminish rapidly 
as Z increases until the L-shell cross sections at 
Z = 1 0 are within 8% at 1 keV, decreasing to 4% 
at 30 keV. 

In the special case of aluminium, Z = 1 3 , more 
detailed information concerning the Lj-, Ln- and 
Lin-shell cross sections is available from several 
alternate theoretical sources 5 ' 1 3 _ 1 7 . The are given 
in Table 4 for photon energies 1, 5, 10 and 30keV 
together with those of this and former work 4. The 
table shows that a definite improvement in L-shell 
cross section, compared to those of the more exact 
theories, is obtainable from the ionization potential 
screening constants than was possible using aver-
aged Sommerfeld constants. 
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Table 4. Sub-shell photoelectric absorption cross sections r, in barn/atom, for aluminium, Z = 13, computed from screened 
hydrogen-like eigenfunctions, using a) ionization potential screening constants (this work) and b) averaged Sommerfeld 
screening constants ( H S W 3 ) . Those computed from more rigorous alternate theories are also given by S — Scofield5, RR — 
Rakavy and Ron 1 4 , SP — Schmickley and Pratt1 5 , BZ — Brysk and Zerby 16 and MC — Manson and Cooper17. Bracketed 
H-like values are doubtful; bracketed alternate theory values are taken from 13. 

AI Is 2s 2p Total 3s 3p Total Ref. 
( Z = 1 3 ) K LI LII Lin L MI M n r 
n, I 1,0 2,0 2,1 3,0 3,1 
j 1/2 1/2 1/2 3/2 3/2 1/2 1/2 
Noe l . (2) (2) (2) (2) (2) (8) (2) (1) 

keV 
1.0 — 34693 6502 2693 813.4 44701 319.8 9.64 45031 This work 

— 24580 23040 47620 (689.2) 48310 HSW 
— — — _ _ 51060 19.41 53000 S 
— 22750 7152 14070 43972 - - (44000) RR 

5.0 8040 525.7 17.98 6.38 1.60 551.7 2.279 0.014 8594 This work 
8040 333.8 65.69 (399.5) (5.364) 8445 HSW 
7996 — — — — 581.4 33.86 8611 S 
7862 430.2 27.96 54.65 512.8 — — (8380) RR 

10.0 1063 71.2 1.19 0.40 0.095 72.86 0.24 7 . 4 - 4 1136 This work 
1063 37.1 3.44 47.9 (0.32) 1111 HSW 
1020 68.6 2.61 4.76 75.97 — — 1100 SP 
1066 67.6 2.63 5.07 75.3 — — (1150) BZ 
1064 — — — 75.16 4.81 1146 S 
1036 60.8 2.05 3.93 66.78 — — (1100) RR 
1064 67.1 — — (67.1) - - (1140) MC 

30.0 38.06 2.57 0.014 0.0045 0.001 2.595 0.0066 6 . 4 - 6 40.6 This work 
38.06 1.51 0.053 1.56 (0.017) 39.6 HSW 
35.1 2.41 0.035 0.063 2.588 — — 37.8 SP 
36.5 2.49 0.036 0.067 2.587 — — 39.3 BZ 
36.37 — — — 2.534 0.175 39.1 S 
35.2 2.21 0.027 0.052 2.289 — — (37.5) RR 
36.2 2.22 — — (2.22) — — (38.5) MC 

Table 5. Hydrogen-like photoeffect linear absorption coefficients r, in c m - 1 , for silicon ( Z = 1 4 ) , computed from a) ioniza-
tion potential screening constants (this work) and b) averaged Sommerfeld screening constants (HSW 3 ) . They are com-
pared with those of more recent Hartree-Fock theory by Calamiotou and Filippakis 19 and those determined experimentally 
by Stiglich et al. 20 and Hildebrandt21 together with the compiled theoretical/experimental results given in the "International 
Tables for Crystallography"22. Estimates of other scattering contributions A . to be added with some caution to the theoreti-

cal values for comparison with experiment, are obtained from Sano et al . 1 8 . 

Line Theory A 18 Experiment Ex/Th 
H-like 20 21 

H F 1 9 H S W 3 This work Int. Tab.2 2 

AgKa 7.28 6.94 7.10 0.49 7.61 7.32 7.58 
MoK<% 14.79 14.25 14.55 0.49 14.7 14.6 15.21 
CuKa 144.3 142.9 145.4 0.42 137 144 152.1 
CoK<% 221.5 220.7 224.4 0.39 214 - 233.8 
FeKa 277.2 277.2 281.7 0.37 270 275 293.4 
CrK* 445.5 448.2 454.9 0.30 445 - 471.9 

Experimentally, the new total atomic absorption 
cross sections for silicon, Z = 14, are computed for 
several characteristic X-ray energies and converted 
to X-ray photoelectric linear absorption coefficients 
r in cm"1 . Other scattering contributions, due to 
Compton and thermal diffuse scattering, are esti-

mated from theoretical values given by Sano, 
Ohtaka and Ohtsuki18 , *. Such values are given in 
Table 5 together with more recent Hartree-Fock 
calculations 19. Experimental linear absorption coef-
* These values are unconfirmed and must be treated with 

some caution. 



895 J. D. Stephenson • A Determination of Screening Constants 

ficients for this element, measured by Stiglich et al.20 

and Hildebrandt21 , are also given. The new photo-
effect linear absorption coefficients r in this table 
are approximately 2% higher than those of former 
work3 , in which averaged Sommerfeld screening 
constants were employed. They are, in this respect, 
closer to those recently computed from Hartree-
Fock theory19, and those given in the "International 
Tables of Crystallography" 22. 

Photoelectric linear mass absorption coefficients 
T/O, in cm - 2 /g , are computed for elements Z = 6 to 
15 for 33 characteristic X-ray energies between NiLa 
(0.852 keV) and AgKß (24.942 keV). They are 
given in Table 6 and calculated from screened 
hydrogen-like eigenfunctions, using the ionization 
potential screening constants derived in this work. 
Other coherent and incoherent scattering contribu-
tions for these elements can be estimated from the 
extensive tables given by Viegele et al.23. They 
should be added, with some caution, to the photo-
effect values for comparison with experimental lin-
ear mass absorption coefficients ju/q. 

Table 6 is an extension of a similar one, given in 
earlier paper4 , which was restricted to elements 
Z = 1 0 to 39 and which employed averaged Som-
merfeld screening constants. The ionization poten-
tial mass absorption coefficients of Table 6, for 
Ne(10) and Al(13) , are generally in closer agree-
ment with those determined experimentally by Wuil-
leumier 24 and Bearden 25 (for Ne) and Singman 26 

and Short et al.27 (for Al) over this soft to medium 
X-ray energy range. 

The latter experimental values, except those of 
Short et al., were tabulated in 4. In this respect it 
is possible that the mass absorption coefficients, 
listed in Table 6 for the lower Z elements ( Z < 1 0 ) , 
are also closer to those which would be obtained 
experimentally. This is unconfirmed at present, due 
to the scarcity of these measurements, especially in 
the soft X-ray energy region. 

3.3. Q-jactor used in the Theoretical Determination 
of Anomalous Absorption Coefficients 

The ratios Q = rQ/r of the quadrupole contribu-
tions T^ to the total photoelectric atomic absorption 
cross sections r, which are used in the theoretical 
determination of (minimum) anomalous absorption 
coefficients of X-rays dynamically diffracted through 
thick perfect single crystals (Borrmann effect)11, re-
main almost unaffected by the new ionization po-

tential screening constants. Former calculations3, 
using the averaged Sommerfeld screening constants, 
give values of Q for elements Z = 6 to 54 for 18 
characteristic X-ray energies between 5 and 25 keV. 
In the special case of germanium (Z = 32) these 
values for several low order reflections have been 
found to be sufficiently accurate for most experi-
mental purposes 2. 

3.4. Relaxation Energies AE (n, I) 

AE(n,l) energies in eV are given in Table 2 
for those Pauli sub-shells that are calculable for 
elements between Z = 2 to 23. They are determined 
from Equation (4). 

One immediate feature of these results is the 
almost linear increase in j AE (n, I) for each sub-
shell as the atomic number increases. For example 
J £ ( 1 , 0 ) for the K-shell increases on average by 

8.5 eV for each new element formed, \ AE(2,0)\ in-
creases by 1.91 eV for the Lj-shell, . . . etc. These 
average increments are given at the bottom of each 
sub-shell column in Table 2. 

The horizontal rows of Table 2 show an oscilla-
tory increase in the \AE(n,l)\ value towards the 
centre of the atom with a final sharp rise at the 
K-shell. Maxima appear to be located at the K-, L n r 
and Mni-shells and minima at the Ln- and Mn-
shells. 

4. Conclusion 

The screening constants determined in this paper, 
show that the ionization potential method is inher-
ently capable of giving a more highly resolved set 
of sub-shell screening constants than the X-ray spin-
doublet term difference method of Sommerfeld. 

The full range of ionization potential screening 
constants calculable is limited by the lack of ex-
perimental ionization potentials for the innermost 
complete sub-shells of medium to heavy elements. 
In this respect the method is complementary to that 
of Sommerfeld, which is conversely limited by an 
absence of experimental spin-doublet terms for the 
outer incomplete shells. There is however a suffi-
cient overlapping of results for a comparison to be 
made between the two approaches. 

The higher resolution in screening constants, 
given here, emphasizes the importance of a weighted 
distribution in sub-shell screening constant values 
within each shell. In the case of the incomplete 
L-shells their contribution to the total produces im-
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Table 6. Hydrogen-like photoeffect mass absorption coefficient t/q, in cm2/g, using ionization potential screening constants 
derived in this work. The calculations are for low atomic number elements Z = 6 to 15, using 33 characteristic X-ray photon 
energies between NiLa (0.852 keV) and AgKß (24.942 keV). Other incoherent and coherent scattering contributions, to be 

added to the photoeffect values with some caution, can be estimated from the tables given by Viegele et al. 23. 

Line keV C(6)* N(7) 0 ( 8 ) F(9) Ne(10) N a ( l l ) Mg(12) Al(13) Si (14) P(15) em2/g 

NiLa 0.852 3295 5093 7226 9159 
CuLa 0.930 2568 3997 5708 7277 
ZnLa 1.012 2016 3158 4539 5817 
MgKa 1.254 1083 1724 2515 3269 
AlKa 1.487 656.7 1057 1560 2050 
AlKjff 1.557 573.2 925.7 1370 1805 
SiKa 1.739 412.2 670.3 998.9 1325 
ZrL oc 2.042 255.1 418.9 630.1 843.3 
MoLct 2.293 179.9 297.4 450.1 606.2 
SKa 2.307 176.5 291.9 441.9 595.3 
AgLa 2.984 80.62 135.3 207.5 283.2 
KK a 3.313 58.44 98.58 152.0 208.5 
SnLa 3.444 51.87 87.66 135.5 186.1 
CaKa 3.690 41.91 71.07 110.2 151.8 
TiKa 4.511 22.44 38.44 60.13 83.58 
CrK<% 5.415 12.67 21.87 34.49 48.30 
CrK/? 5.947 9.43 16.36 25.89 36.39 
FeKa 6.404 7.47 12.99 20.62 29.07 
CoKa 6.930 5.82 10.15 16.17 22.86 
FeK/? 7.058 5.49 9.59 15.28 21.61 
NiKa 7.478 4.57 8.00 12.78 18.11 
CoKß 7.649 4.25 7.45 11.92 16.90 
CuKa 8.048 3.62 6.35 10.18 14.46 
NiK/? 8.265 3.36 5.84 9.37 13.33 
ZnKa 8.639 2.89 5.09 8.17 11.63 
CuKß 8.905 2.62 4.62 7.43 10.60 
ZnK/3 9.572 2.08 3.68 5.93 8.48 
GeKa 9.886 1.88 3.32 5.36 7.68 
GeKß 10.982 1.34 2.38 3.86 5.54 
MoKa 17.479 0.30 0.54 0.89 1.30 
MoK/? 19.608 0.21 0.38 0.62 0.90 
AgKa 22.163 0.14 0.25 0.42 0.61 
AgKß 24.942 0.095 0.17 0.29 0.42 

671.8 899.5 1203 1536 2023 2485 
9771 715.7 957.7 1221 1607 1972 
7848 573.4 769.9 978.3 1287 1577 
4465 5431 436.6 555.6 730.7 893.2 
2828 3469 4402 353.2 464.5 567.4 
2496 3070 3904 312.3 410.9 501.7 
1844 2281 2915 3443 305.2 373.0 
1184 1477 1901 2261 2789 242.1 
856.2 1074 1390 1662 2059 2354 
841.1 1055 1367 1639 2025 2317 
405.0 514.4 674.0 814.5 1020 1176 
299.6 382.3 503.0 610.5 767.5 889.1 
267.9 342.3 451.2 548.4 690.4 800.9 
219.2 280.9 371.4 452.6 571.3 664.1 
121.7 157.2 209.4 257.1 326.9 382.9 
70.82 92.11 123.5 152.6 195.3 230.1 
53.57 69.87 93.99 116.5 149.5 176.7 
42.90 56.10 75.66 94.02 120.9 143.2 
33.83 44.36 59.98 74.72 96.34 114.4 
32.02 42.00 56.83 70.84 91.38 108.5 
26.88 35.34 47.90 59.82 77.30 91.97 
25.11 33.03 44.80 55.98 72.39 86.18 
21.51 28.35 38.52 48.21 62.43 74.44 
19.84 26.18 35.59 44.58 57.77 68.93 
17.34 22.91 31.20 39.12 50.77 60.65 
15.81 20.91 28.50 35.77 46.46 55.54 
12.69 16.81 22.96 28.88 37.58 45.02 
11.50 15.25 20.84 26.24 34.18 40.98 
8.33 11.08 15.19 19.18 25.06 30.12 
1.98 2.67 3.70 4.73 6.25 7.59 
1.38 1.87 2.60 3.33 4.41 5.38 
0.94 1.28 1.79 2.29 3.05 3.72 
0.65 0.89 1.24 1.60 2.13 2.61 

* Graphite o = 2.25 g/cm3. 

provements in absorption cross sections relative to 
those of more exact theories. In this respect the 
application of ionization potential screening con-
stants in screened hydrogen-like cross section for-
mulae is also aesthetically more satisfactory than 
the use of averaged Sommerfeld (full shell) con-
stants. 

Further measurements of the ionization poten-
tials for the inner atomic sub-shell of the low Z ele-
ments would be useful in completing the list of the 

ionization potential screening constants given in 
Table 1. 
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